
over  the sur face  above the source  will yield sufficiently p rec i se  information.  The source  t empe ra tu r e  in this 
ease  is ~10% lower than for  the s ing le - l aye r  Si s t ruc tu re .  

The foregoing resu l t s  conf i rm the legi t ima cy of s implif ied,calculat ions neglecting the influence of the 
l ayers  and t rea t ing  the heat-conduct ion problem in the c ry s t a l  of a semiconductor  IC as in a homogeneous Si 
domain.  Exper iments  on the source  t e m p e r a t u r e  f rom the sur face  of an IC having an St--SiO~ - -AI  s t ruc tu re  
yie ld  excess ive ly  low r e su l t s .  

Analogous calculat ions of the t e m p e r a t u r e s  on the faces of the s t ruc tu re  S i - -  SiC 2 - -AI  for  Bi =0.75 �9 10 -3 
show that the ex te rna l  h e a t - t r a n s f e r  ra te  has vir tual ly  no effect  on the re l i e f  of the t e m p e r a t u r e  field.  

N O T A T I O N  

A =a2/DX 2 + 82/Dy 2 +D2/Dz 2, Laplace opera tor ;  0r(X, y, z) =Tr(x ,  y, z) -- Tme;  Tr(x ,  y, z), t e m p e r a t u r e  
in the r - t h  l ayer ;  Tme ,  t e m p e r a t u r e  of medium;  X~, 6i, t he rma l  conductivity and thickness  of i - th  l ayer ;  r = 
P/X0~ P, power  of local source ;  V =2t1• 212• e(x), unit Heaviside function; o~, h e a t - t r a n s f e r  coefficient;  
~, ~, center  coordinates  of source ;  k number  of l aye r s  cover ing the source .  
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S O L U T I O N  O F  T H E  U N S T E A D Y  H E A T - C O N D U C T I O N  

E Q U A T I O N  IN AN I N H O M O G E N E O U S  M E D I U M  

A . A .  P u c h k o v  UDC 517.9:536.21 

The solution of an unsteady two-dimensional  heat-conduct ion p rob lem in an inhomogeneous medium 
is inves t iga tedby using different ial  o p e r a t o r s .  

f f there  a re  no heat  sources  or  sinks within a body, the unsteady two-dimensional  heat-conduct ion p rob-  
lem is desc r ibed  by the equation 

OT ( 02T O2T ) O~ OT O~ OT 
c,r - ~  = z + + +- , 

Ox z Oy z Ox Ox Oy Oy 

where the t h e r m a l  conductivity X=X(x, y), the density ~/= ~,(x, y), andthe specif ic  heat  e =c(x, y ) a r e  given 
functions of the coordinates  x and y.  

We seek  the solution of Eq. (1) which sa t i s f ies  appropr ia t e  boundary conditions [1] and has the fo rm 

(i) 

t ions  

T = "r (t) T (x, y). (2) 

Substituting (2) into (1) and introducingthe separa t ion  of var iab les  p a r a m e t e r  --v 2, we obtainthe two equa-  

fl_L = _ vz~; (3) 
dt 

1 c7v2 T = 0 ,  (4) 
AT + ~ grad T grad ~, + 

where  & is the two-dimens ional  Laplacian.  

Hence it follows that the solution of Eq. (1) canbe  wri t ten in the fo rm 

KievPoly technic  Inst i tute.  T rans l a t ed  f rom Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol. 35, No. 2, pp. 357- 
360, August, 1978. Original  a r t i c le  submit ted June 2, 1977. 
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T (x, y, t) = ~_~ Ave -v' t  ~v (x, y). (5) 

We solve  Eq.  (4)by B e r g m a n ' s  me thod  of l inea r  o p e r a t o r s  in d i f fe ren t ia l  f o r m  [2, 3]. 

A s s u m i n g  tha t  the p a r a m e t e r s  2,, e, and 3i a r e  funct ions only of the v a r i a b l e x ,  we c o n s t r u c t t h e  solut ion 
of (4) in the f o r m  

(x, y) = ~ ct~ (x) ~ (z). (6) 
n ~ 0  

Here  4,(z) is an a r b i t r a r y  funetion of the complex  v a r i a b l e  z =x + iy. The  r e a l  and imag ina ry  pa r t s  of (6) a r e  so lu -  
t ions ,  and so is a l i nea r  combina t ion  of  them,  s ince  Eq .  (4) is l i nea r .  

We d e t e r m i n e t h e  r e a l c o e f f i c t e n t s  dn(x) f r o m  the condi t ion that(6) sa t i s f i e s  Eq .  (4). Subst i tut ing(6)  into 
(4) we obtain 

~7, --U d; ' ~2c~ .~.~ 2a,; + -~- = 0 (7) n=0 -r 7 - - ~  d,, + d. O in+l) 

The a r b i t r a r y  funct ion ~(z) w i l l e o n v e r t  Eq.  (7) t o a n  identi ty if we r e q u i r e  the coef f ic ien ts  dn(x) to sa t i s fy  
the condi t ions  

~.' v2cu 
do + T-a~ + - -F-  do = o; (s) 

~, ~2. ( ~, ) 
d : + - ~ -  d ~ _ - - ~ d , ~ - - - - - -  2 d ~ _ 1 + - ~ -  d,~_, (n---- 1, 2 . . . .  ) . (9) 

If, e . g . ,  we spec i fy  o r  a p p r o x i m a t e  the coef f ic ien ts  ~, c, and y b y p o w e r  funct ions 

~.==axP; c'~--bx q ( a > 0 ,  b > 0 ) ,  (10) 

Eq.  (8) r e d u c e s  to B e s s e l ' s  equat ion 

x~d"o @ pxdo _ 52v~x p-q+2 do = 0 (62 -= b/a). (11) 

Its so lut ion is [4] 

do : :r Ys ( 26v x(~-,+')/2 ) (s = (l--p)/(q--p--2)). (12) 
q - - p - ? 2  

Here  Ys is a l i nea r  combina t ion  of ]3essel  funct ions of the f i r s t  and second  kind.  

Using the p r o p e r t i e s  of B e s s e l  funct ions fo r  p =q = 2, it is not  diff icult  to obtain the fol lowing e x p r e s s i o n s  
fo r  the f i r s t  two coef f i c ien t s  d o and dl: 

B0 ao = - -  sin 6v (x + bo); 
X 

(13) 
Bl ai = - -  sinSv (x § bl) - -  B0sin6v (x _b0). 
X 

If ~,(z) in (6) is g iven in the  f o r m  of a power  funct ion 

@ (z) = z k , (14) 

whe re  k is a pos i t ive  in teger ,  s e r i e s  (6) will  conta in  a finite n u m b e r  of t e r m s ,  and the re  is no ques t tonabou t  
its c o n v e r g e n c e .  F o r  example ,  le t  k = 1. Then  Eq .  (6) takes  the f o r m  

(x, y) = a0 (x) z + at (x). (15) 

F o r m i n g  the sum of the r e a l a n d  i m a g i n a r y  pa r t s  of funct ion (15), taking accoun t  of (13) for  b 0 =b 1 =0, and 
us ing  (5), we obtain  

T(x, y, l )=  Bi4-B~ ~ A~e-~'tsin6vx. (16) 
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If B 0 =1, B1 = --h, 6 =2r: / l ,  solution (16)will sa t isfythe special  boundary conditions 

T ( x ,  y, c ~ ) =  T ( x ,  h, t ) =  T ( I ,  y, t ) =  O; 

T ( x ,  y, 0)=r y ) =  y - - h  :(x) .  (175 
X 

Here h and l a re  pa ramete r s  defining the dimens ions of the body and f(x) is a given function which can be expand- 
ed in the interval  (0, l) in a Four i e r  sine se r ieswi th  the argument  5vx. 

Ingenera l ,  it is convenient to choose the function ~(z) in {6) in the form of a complex Four ier  ser ies  

fD (z) = ~ (C~e -'~8~ + D,en6z), 

where the coefficients C n and D n are  determined so that solution (6) satisfies the boundary conditions. 

Approximate solutions of Eq. (4), andconsequently also of (1), can be t reated when X, c, and T depend 
on the two coordinates x and y .  

Setting v =1 in (45, we seek the solution of this equation in the form 

(x, y) = a (x, y5 r (z). (18) 

Substituting (18) into (4), we obtain the expression 

Aa-~--~-grad) ,grada+ c~, a~ (I)+ 2 Oa , Oa . 0)~ O~ )~ J ~-x ~-i  -T - Z ~ x  + i  : 0 .  (19) 

The a rb i t r a ry  function 4~(z) satisfies this equation only when the conditions 

__1 grad)~grad a H- - -  a 
Aa-~- ~ ~ (20) 

2 0_~_a a 0~ =0 ;  2 0 a  a O~ _ 0  (21) 
ax + 7-]- a--~- -~g -~ "~. ay 

are  satisfied. 

Substituting into (20) a =D/g-~-found from (21), we obtain 

o r  

If, e . g . ,  we set 

the solution of (22) will have the form 

- - - -  [brad t,]- + 2c? = 0 
2)~ 

~)/2A~):2 + ::.~ = O. (22) 

c? = b (x 2 ~- b~)Pt)/2, (23) 

~1/2 = F (z) - -  b (x 2 + y~)p+l , (24) 
4 (p t l) 2 

where F(z) is an a rb i t r a ryana ly t i c  function of the complex argument  z =x + iy. The a rb i t ra r iness  in the function 
(235 and (24) can be used to approximate the given or experimental ly determined spatial dependences of X, c, 
and ,/. 

N O T A T I O N  

T, tempera ture ;  t, t ime; x, y, l inear coordinates;  X, thermal  conductivity; % density; c, specific heat; 
T(x, y, t), T(t), ~(x, Y), dn(x), and a(x, y), unknown functions; ~0(x), f(x), given functions; r a rb i t r a ry  
function; Av, B0, b, b0, bi, Cn, Dn, and B1, undetermined constants.  
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